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Statistial Eets in the Multistream Model for Quantum Plasmas
Dan Anderson, Björn Hall, Mietek Lisak and Mattias Marklund
Department of Eletromagnetis, Chalmers University of Tehnology, SE412 96 Göteborg, Sweden
(Dated: Deember 17, 2018)
A statistial multistream desription of quantum plasmas is formulated, using the WignerPoisson
system as dynamial equations. A linear stability analysis of this system is arried out, and it is
shown that a Landau-like damping of plane wave perturbations ours due to the broadening of the
bakgroundWigner funtion that arises as a onsequene of statistial variations of the wave funtion
phase. The Landau-like damping is shown to suppress instabilities of the one- and two-stream type.
PACS numbers: 52.35.g, 03.65.w, 05.30.d, 05.60.Gg
I. INTRODUCTION
It has reently been pointed out [1℄ that the persistent
trend towards inreased miniaturization of eletroni de-
vies implies that quantum eets will beome impor-
tant also for ertain transport proesses, for whih so
far lassial models have been suient. An example of
suh a generalized transport equation, in the form the
ShrödingerPoisson equation was analyzed in Ref. [1℄.
This analysis of a quantum plasma is based on the hy-
drodynami formulation of the ShrödingerPoisson sys-
tem, where marosopi plasma quantities suh as den-
sity and average veloity are introdued. However, the
analysis does not take into aount statistial (or kineti)
eets assoiated with the nite width of the probability
distribution funtion. Kineti eets are well-known in
plasma physis, where they may lead to the phenomenon
of Landau damping.
The possibilities of using a general approah based on
the Wigner funtion [2, 3℄ was ommented upon in Ref.
[1℄, but only a simpler approah based on marosopi
quantities was used. Obviously, in doing so the possi-
bilities of Landau-damping like eets are lost. In fat,
the possibility of obtaining Landau damping is also men-
tioned in Ref. [1℄, although in onnetion with a possible
generalization to the multi-stream ase, in aordane
with the lassial piture of Dawson [4℄. Partiular at-
tention was given to the lassial one- and two stream
instabilities in a old plasma and it was shown that the
main quantum eet on the wave propagation ould be
haraterized as a generalized dispersion.
However, reently muh attention, within the nonlin-
ear optis ommunity, has been devoted to eets of par-
tial wave inoherene e.g. in the form of phase noise on
a onstant amplitude wave [5, 6, 7℄. In partiular, it has
been shown in Ref. [5℄, where the Wigner transform was
introdued as a means to study the modulational insta-
bility of an optial plane wave, that the phase noise gives
rise to a Landau-like damping eet on the one stream
modulational instability.
It is the purpose of the present work to generalize the
analysis made in Ref. [1℄ by analyzing the properties
of the one- and two-stream instabilities in a quantum
plasma using the Wigner formalism and inluding the
eet of phase noise developed in Ref. [5℄. The results
learly show the suppressing eet on the instabilities due
to the Landau-like damping eet aused by the phase
noise of the Wigner funtion.
II. QUANTUM STATISTICAL DYNAMICS
In non-relativisti many-body problems, the Wigner
transformation is a useful means to derive equations de-
sribing the quantum statistial dynamis of the system
of interest. Thus, one is able to generalize the lassial
Vlasov equation to a quantum mehanial regime, in the
sense that the dynamial equation for the Wigner fun-
tion desribes partiles moving in a self-onsistent fore
eld and in suh a way that the evolution equation for the
Wigner funtion takes the form of its lassial analogue
in the limit h¯→ 0.
Haas et al. [1℄ have onsidered the dynamis of a
quantum plasma desribed by the nonlinear Shrödinger
Poisson system of equations:
ih¯
∂ψi
∂t
+
h¯2
2m
∂2ψi
∂x2
+ eφψi = 0 , (1a)
∂2φ
∂x2
=
e
ε0
(
N∑
i=1
〈|ψi|2〉 − n0
)
, (1b)
where i = 1, ..., N numbers the eletrons as desribed by
pure states, with ψi being the wave funtion for eah suh
state; φ(x, t) is the eletrostati potential, while m and
−e are the mass and harge of the eletrons, respetively.
The xed ion bakground has the density n0. Following
Ref. [5℄, we have introdued the Klimontovih statistial
average, denoting it by 〈·〉. The statistial averaging be-
omes important when the wave funtion ontains e.g. a
stohastially varying phase [5℄.
In Ref. [1℄, the one-stream and two-streammodels have
been investigated and the dispersion relation for the two-
stream instability was derived, showing an appearane of
a new, purely quantum branh. We note that the anal-
ysis presented in Ref. [1℄ is based on the hydrodynami
formulation of the system (1), where marosopi plasma
quantities, suh as density and average veloity, are intro-
dued. However, this type of analysis does not take into
2aount statistial properties of the wave funtion that
may lead to a broadening of the probability distribution
funtion. In fat, suh eets may give rise to a Landau-
like damping both in the ase of the single-stream and
two-stream instabilities.
In order to take the statistial eets into aount, it is
onvenient to introdue the Wigner distribution funtion
Wi(x, t; p), orresponding to the wave funtion ψi(x, t),
as
Wi(x, t; p) =
1
2pih¯
∫ +∞
−∞
dy exp(ipy/h¯)〈ψ∗i (x+ y/2, t)ψi(x− y/2, t)〉 , (2)
whih has the property∫ +∞
−∞
dpWi(x, t; p) = 〈|ψi(x, t)|2〉 . (3)
Using Eq. (2), Eq. (1a) an be formulated as a kineti
equation for the Wigner distribution, viz the Wigner
Moyal equation(
∂
∂t
+
p
m
∂
∂x
)
Wi +
2e
h¯
φ sin
(
h¯
2
←
∂
∂x
→
∂
∂p
)
Wi = 0 , (4)
where the sine-operator is dened in terms of its Taylor
expansion. Correspondingly, Eq. (1b) an be rewritten
as
∂2φ
∂x2
=
e
ε0
(
N∑
i=1
∫ +∞
−∞
dpWi − n0
)
. (5)
Clearly, an equilibrium solution of Eqs. (4) and (1b) is
φ = 0 and Wi =Wi0(p).
In order to study the modulational stability of the sys-
tem (4)(5), we introdue a small perturbation aording
to
Wi(x, t; p) =Wi0(p) + W˜i exp[i(Kx− Ωt)] , (6a)
φ(x, t) = φ˜ exp[i(Kx− Ωt)] , (6b)
where |W˜i| ≪ |Wi0| and K and Ω are the wave number
and frequeny of the perturbation, respetively. The fat
that the bakground distribution Wi0 is assumed to be
only a funtion of p orresponds to the assumption of a
plane wave funtion with onstant amplitude, but with a
stohastially varying phase, the harateristi properties
of whih are expressed by Wi0(p). Linearizing Eqs. (4)
and (5), we obtain
− i
(
Ω− p
m
K
)
W˜i +
2e
h¯
φ˜ sin
(
ih¯K
2
→
∂
∂p
)
Wi0 = 0 ,(7a)
−K2φ˜ = e
ε0
N∑
i=1
∫ +∞
−∞
dp W˜i ,(7b)
where φ˜ is the potential perturbation. Note that the fat
that the unperturbed potential φ is φ0 = 0 means that
N∑
i=1
∫ +∞
−∞
dpWi0 = n0 . (8)
Eliminating φ˜ in Eqs. (7), we obtain the dispersion
relation
2ie2m
ε0h¯K3
N∑
i=1
∫ +∞
−∞
dp
1
p−mΩ/K sin
(
ih¯K
2
→
∂
∂p
)
Wi0+1 = 0 .
(9)
Using the fat that
2 sin
(
ih¯K
2
→
∂
∂p
)
Wi0(p)
= i [Wi0(p+ h¯K/2)−Wi0(p− h¯K/2)] ,(10)
relation (9) an be written in the form
1 =
e2m
ε0h¯K3
N∑
i=1
∫ +∞
−∞
dp
Wi0(p+ h¯K/2)−Wi0(p− h¯K/2)
p− Ωm/K .
(11)
Note that the pole p = Ωm/K gives rise to both a prin-
ipal part and an imaginary residue, as in the lassial
analysis of Landau damping in plasma physis.
Let us now onsider the ases of one-stream and two-
stream plasmas.
A. One-stream plasma
The dispersion relation (11) redues to
1 =
e2m
ε0h¯K3
∫ +∞
−∞
dp
W0(p+ h¯K/2)−W0(p− h¯K/2)
p− Ωm/K ,
(12)
where W0 ≡ W10. For a one-omponent Wigner spe-
trum with a deterministi phase, i.e. a monoenergeti
beam, W0(p) is given by
W0(p) = n0δ(p− p0) , (13)
3whih orresponds to a monohromati plane wave fun-
tion with onstant amplitude and phase. Equation (12)
then yields
1 =
n0e
2m
ε0K2
1
(p0 − Ωm/K)2 − h¯2K2/4
, (14)
i.e.,
(Ω− v0K)2 = ω2p +
h¯2K4
4m2
, (15)
where v0 ≡ p0/m and ω2p ≡ n0e2/mε0. The expression
(15) is exatly the same as the one obtained in Ref. [1℄. It
shows that quantum eets give rise to wave dispersion
for short wave-lengths.
Let us now assume that the phase ϕ(x) of the wave
funtion ψ0 varies stohastially, and that the orre-
sponding orrelation funtion is given by
〈e−iϕ(x+y/2)eiϕ(x−y/2)〉 = e−pT |y| . (16)
This orresponds to the Lorentzian spetrum
W0(p) =
n0
pi
pT
(p− p0)2 + p2T
, (17)
and the dispersion relation (12) now yields
Ω− p0
m
K =
(
ω2p +
h¯2K4
4m2
)1/2
− ipT
m
K , (18)
This result implies a ompletely new eet, a Landau-
like damping due to the width of the spetral distribution
desribing the stohasti variation of the phase, i.e. due
to the partial inoherene of the beam. Furthermore, the
damping eet inreases with inreasing inoherene, i.e.
with inreasing pT .
B. Two-stream plasma
Aording to Eq. (11), the dispersion relation beomes
1 =
e2m
ε0h¯K3
∫ +∞
−∞
dp
[
W10(p+ h¯K/2)−W10(p− h¯K/2)
p− Ωm/K
+
W20(p+ h¯K/2)−W20(p− h¯K/2)
p− Ωm/K
]
. (19)
For monohromati beams with
Wj0(p) = n0jδ(p− p0j) ; j = 1, 2 , (20)
we get from Eq. (19)
1 =
ω2p1
(Ω− p01K/m)2 − h¯2K4/4m2
+
ω2p2
(Ω− p02K/m)2 − h¯2K4/4m2
, (21)
where ω2pj = e
2n0j/ε0m and n01 +n02 = n0. If we follow
Ref. [1℄ and onsider the symmetri ase where n01 =
n02 = n0/2, p01 = −p02 ≡ p0, we obtain
Ω¯4 −
(
1 + 2K¯2 +
H2K¯4
2
)
Ω¯2
−K¯2
(
1− H
2K¯2
4
)(
1− K¯2 + H
2K¯4
4
)
= 0 (22)
from Eq. (21). Here we have introdued dimensionless
variables aording to
Ω¯ = Ω/ωp0 , K¯ = p0K/ωp0m , H = h¯ωp0m/p
2
0 .
(23)
Equation (22) is idential to the result obtained from the
hydrodynamial theory, as in Ref. [1℄. The solution of
Eq. (22) is
Ω¯2 =
1
2
+ K¯2 +
H2K¯4
4
± 1
2
√
1 + 8K¯2 + 4H2K¯6 , (24)
whih implies Ω¯2 < 0 and onomitant instability if
(H2K¯2 − 4)(H2K¯4 − 4K¯2 + 4) < 0 . (25)
This ondition an be written
1− 1
K¯2
<
H2K¯2
4
< 1 , (26)
whih redues to the well-known two-stream instability
result K2 < 1 in the lassial limit H → 0.
However, we infer from Eq. (25) that the quantum ef-
fet has a subtle inuene on the instability. Equation
(25) implies instability when the following ondition is
satised in (K¯,H) spae, viz
H2−(K¯) ≡
4
K¯2
(
1− 1
K¯2
)
< H2 <
4
K¯2
≡ H2+(K¯) . (27)
A qualitative plot of this is given in Fig. 1 (a similar
gure and disussion was given in Ref. [1℄, but for later
referene we present the gure and a disussion related
to it).
Figure 1 implies that when H = 0, instability ours
only for 0 < K¯ < 1. However, when H 6= 0, a more
ompliated piture emerges. In fat, as is seen from
Fig. 1, the quantum eet plays both a stabilizing and a
destabilizing role. For H > 1, instability ours for all K¯
suh that 0 ≤ K¯ ≤ K+(H) ≡ 2/H . Thus, for 1 ≤ H ≤ 2,
the region of instability is inreased, whereas for H ≥ 2
it is dereased as ompared to the ase H = 0.
For H < 1, instability ours in two K-bands, viz
0 ≤ K¯ ≤ K(1)− (H) and K(2)− (H) ≤ K¯ ≤ K+(H),
where K
(1,2)
− (H) are the two solutions of the equation
1− 1/K¯2 = H2K¯2/4, i.e.
K
(1)
− (H) =
2
H2
(
1 +
√
1−H2
)
, (28a)
K
(2)
− (H) =
2
H2
(
1−
√
1−H2
)
. (28b)
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FIG. 1: Qualitative plot of the stability/instability regions for
the two-stream quantum plasma, negleting stohasti damp-
ing.
For all values of H < 1, this implies a larger range of
unstable wave numbers as ompared to the lassial ase
H = 0.
Let us now assume that the unperturbed Wigner dis-
tributions have Lorentzian form, in analogy to the ase
of a one-stream plasma, i.e.
Wj0(p) =
n0j
pi
pTj
(p− p0j)2 + p2Tj
; j = 1, 2 . (29)
From Eq. (19) we then obtain
1 =
ω2p1
[Ω− (p01 − ipT1)K/m]2 − h¯2K4/4m2
+
ω2p2
[Ω− (p02 − ipT2)K/m]2 − h¯2K4/4m2
. (30)
Following Ref. [1℄, we onsider the ase when p01 =
−p02 ≡ p0 and n01 = n02 = n0/2, while for the statis-
tial broadening we assume pT1 = pT2 ≡ pT . Using the
dimensionless variables given by (23), we get
(Ω¯+ iαK¯)2 =
1
2
+K¯2+
H2K¯4
4
± 1
2
√
1 + 8K¯2 + 4H2K¯6 ,
(31)
where we have introdued the relative broadening α ≡
pT /p0. Thus, in the limit pT → 0, we regain the result of
Eq. (25) and Ref. [1℄. However, in the previously unstable
region we now obtain
Im(Ω¯) = −αK¯ +
[
1
2
(
1 + 8K¯2 + 4H2K¯6
)1/2
−1
2
− K¯2 − H
2K¯4
4
]1/2
. (32)
Again, the broadening α tends to suppress the growth,
and the ondition Im(Ω¯) > 0 is now given by
α <
1
K¯
[
1
2
(
1 + 8K¯2 + 4H2K¯6
)1/2
−1
2
− K¯2 − H
2K¯4
4
]1/2
. (33)
In the lassial limit H → 0, the region of unstable
K¯-values is redued to K¯ < Kc by the damping eet,
where
Kc =
√
1− α2
1 + α2
< 1 . (34)
Clearly, for α ≥ 1, no instability is possible for any K¯.
Another illustration of this is the small-K¯ expansion of
the growth rate, whih reads
Im(Ω¯) ≃ (1 − α)K¯ (35)
The stabilizing inuene of α in the general ase of
H 6= 0 an be inferred as follows:
Consider rst the ase of small K¯, while keeping
H2K¯2/4 ∼ O(1), i.e. we investigate the growth rate lose
to the stability boundary. In this limit we obtain
Im(Ω¯) ≃
(√
1− H
2K¯2
4
− α
)
K¯ , (36)
whih learly shows the stabilizing eet of the damping.
In partiular, the stability threshold is now given by
H =
2
K¯
√
1− α2 , (37)
Qualitatively this implies a lowering of the upper thresh-
old urve for small K¯ and a onomitant derease of the
region of instability.
Consider next the limit K¯ ≫ 1, while still assuming
H2K¯2/4 ∼ O(1), i.e. we examine the eets of the damp-
ing on the narrow instability region, see Fig. 1. Introdue
the notation
∆h ≡ 1− H
2K¯2
4
. (38)
The growth rate an then be written as
Im(Ω¯) ≃ −αK¯ +
√
∆h
(
1
2
− K¯2∆h
)
, (39)
and the stability thresholds beome determined by
∆h =
1
4K¯2
±
√
1
16K¯4
− α2 . (40)
When α = 0, we regain the previous limit urves ∆h = 0
and ∆h = 1/(2K¯2). The eet of a nonzero α is to
narrow the instability region and to terminate it at the
nite wave number K¯ = 1/(2
√
α). For inreasing α, the
unstable region dereases and, as in the ase of small K¯,
we expet the instability to be essentially quenhed for
α >∼ 1 .
5III. DISCUSSION
In this work, we have presented an analysis of a multi-
stream quantum plasma, inluding the eet of phase
noise in the beam wave funtion. As ompared the uid
desription of a quantum plasma used in Ref. [1℄, the
present analysis is based on the quantum mehanial
Wigner formalism. The phase noise, or partial inoher-
ene, of the beam wave funtions is shown to give rise
to a Landau-like damping eet, whih tends to sup-
press the instabilities ourring in both the one- and two
beam ases. The damping rate inreases with inreas-
ing degree of inoherene as expressed by the width of
the probability distribution funtion for the phase noise.
The physial origin of this damping eet is the non-
oherent properties of the beam wave funtion as op-
posed to the wave-partile interation harateristi of
the onventional Landau damping. The new Landau-like
eet is not a true wave damping, but a onservative
rearrangement of the spetrum of the beam wave fun-
tion. This phenomenon has reently attrated onsider-
able interest, both theoretially[5, 6℄ and experimentally
[7℄, within the area of nonlinear optis, where it has been
shown to suppress the modulational and self-fousing in-
stabilities [8, 9, 10℄, e.g. for optial beams in nonlinear
photo-refrative media. The present work is the rst at-
tempt to extend this theory to a quantum plasma.
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